Abstract. By decomposing the CMB temperature fluctuations squared into spherical harmonics, we can define the CMB power multipoles as the fundamental observables to quantify any generic modulations in the CMB. This allows for simple direct measurements for the CMB modulations, and also indirect measurements for the CMB trispectrum, which fully determines the CMB modulations in a statistically isotropic universe. The CMB power multipoles can reach the theoretical accuracies higher than the current constraints from Planck observations. The theoretical accuracy for the dipole modulation, A ∼ 0.0015, receives ∼ 10 times improvement; higher l modulations have even higher accuracies. This calls for practical observational studies of its possible improvements on the CMB modulation and non-Gaussianity constraints.
Introduction
The cosmic microwave background (CMB) is the most precise observation we can currently perform on the earliest ages of our universe. Following the WMAP satellite and its successor Planck, we are entering the stage of "precision cosmology", so the history of our universe, especially inflation, can be highly constrained. The Planck observations have detected no evidence yet of the primordial non-Gaussianities [1] or isocurvature perturbations [2] , while confirming the small spectral tilt in the primordial curvature perturbations [3] . We have once again verified the standard paradigm of cosmology.
These progresses are achieved by analyzing the angular multipoles of the CMB temperature fluctuations. Assuming statistical isotropy, we can extract the statistical information from its angular correlation functions, such as angular power spectrum, bispectrum, and trispectrum [4, 5] . We have been able to learn the C l curve for the angular spectrum, but for the CMB bispectrum and trispectrum, we have only been able to measure some specific shapes of the angular correlation functions, such as the local, equilateral and orthogonal f NL , and τ NL . Much of the information on the CMB bispectrum and trispectrum remains unknown, partly because of the huge computational cost of the data analysis of high-resolution observations. For example, there is still a wide range of possibilities that the universe deviates the standard paradigm in some other way, such as a large non-Gaussianity in nonconventional shapes [6] .
Meanwhile, another possible deviation that has received much attention is the CMB power asymmetry or dipole modulation [7] . Such a dipole modulation or even higher multipole modulations certainly act as tests for the standard paradigm of cosmology by themselves.
On the other hand, theoretical investigations have found they are closely related to the primordial non-Gaussianities of the CMB [8] [9] [10] . 1 This suggests the CMB modulations can also serve as indirect detections for primordial non-Gaussianities, although the current focus has been mostly on dipole modulations only.
A CMB modulation should give rise to the temperature fluctuations ∆T (n) whose amplitude depends on the directionn, while we can also measure its amplitude at any direction easily by averaging ∆T 2 (n) locally. In this sense, we can quantify the strength of the modulation with the power multipoles of the CMB, which is the spherical harmonic expansion of ∆T 2 (n), like our conventional CMB multipoles from the spherical harmonic expansion of ∆T (n). After that, the power spectrum of the power multipoles, namely C (2,2) l , i.e. the counterpart of C l , characterizes easily the modulation strength of the corresponding angular number l. The CMB power multipoles also act as indirect measurements for the CMB non-Gaussianities, which have a theoretical accuracy higher than the Planck measurement, and which is more capable in distinguishing the non-Gaussianity shapes.
I will first briefly mention the CMB multipole calculations for its power spectrum and trispectrum in section 2. The CMB power multipoles will be defined, and demonstrated to relate to the CMB trispectrum in section 3. The paper then calculates the natural amount of power multipoles from a Gaussian universe in section 3.1, and the statistical error from cosmic variance in section 3.2, as the baseline for comparisons with observations. Excessive power multipoles beyond the error tolerance will then indicate a deviation from the standard paradigm of cosmology, which may come from primordial non-Gaussianities as calculated in section 3.3. Comparisons will be made in section 4 with the current techniques for the modulation analysis, such as the power asymmetry factor A, or the Bipolar Spherical Harmonics (BipoSH). The article concludes in section 5.
CMB multipoles -a brief overview
This paper will only consider a full sky and neglect secondary CMB effects or noises. The CMB temperature fluctuations, ∆T (n), are decomposed into spherical harmonics, Y lm (n), in the form
The temperature fluctuations were seeded by Φ(k), the primordial curvature perturbations generated during inflation. Assuming statistical isotropy, it can be shown that the angular multipole modes a lm satisfy
where g l (k) is the transfer function for the perturbations. Its angular power spectrum can then be calculated as
where
Here we have used the power spectrum of primordial curvature perturbations
We will also be interested in the angular trispectrum of the CMB multipoles, which can be separated into a non-connected part and a connected part, as
In a Gaussian universe, the connected part vanishes while the non-connected part gains a contribution
Non-Gaussianities can be generated by primordial mechanisms or post-inflationary effects. In either case, they will contribute to the connected part as well as the non-connected part. In our near-Gaussian universe, we only consider tree-level contributions from the nonGaussianities, in which case the non-connected angular trispectrum remains unchanged. In case of any primordial non-Gaussianities, the contribution to the connected angular trispectrum, a l 1 m 1 a l 2 m 2 a l 3 m 3 a l 4 m 4 c , is calculated in section A.
CMB power multipoles
The CMB power multipoles are defined in a way such that it measures the modulations in the CMB perturbations. It can come from the natural fluctuations in the quantum system, or other effects such as nonlinear perturbations. These modulations can be measured from the power of the CMB temperature fluctuations or the CMB (fluctuation) power, ∆T 2 (n), whose local average represents the local power/amplitude of the perturbations, as shown in figure 1 . For example, in case of a significant power asymmetry in ∆T (n), we should see a corresponding dipole in ∆T 2 (n). Similarly, modulations of higher multipoles in the CMB temperature fluctuations will also show up as the corresponding multipoles in the CMB power map for ∆T 2 (n).
Following the formalism in section 2, we can apply similar techniques to predict the angular multipoles of the CMB power. We define the power multipoles, a (2) lm , as
The CMB power multipoles are totally determined by the CMB multipoles following the relation 2 a (2)
where the Gaunt integral is defined as
2 It should be noted that a Then we can compute the CMB modulation with the angular spectrum for ∆T 2 (n)
This paper assumes statistical isotropy in the universe ensemble, so any modulation should not have any prior preferred direction. Then we can apply the rotational invariance of the observable ∆T 2 (n), similarly to what we do for the temperature fluctuations ∆T (n) in [5] . The power multipoles a (2) lm should also conform with the relation
We can hence use the parameter C indicates the multipole modulation with the angular number l, which is different from the "scale dependence" of the CMB power asymmetry.
From eq. (3.4), we can also see that the power multipoles are solely determined by the angular trispectrum. They do not extract any extra information beyond the CMB angular correlation functions, but they linearly recombine the angular trispectra for the sake of modulation detection. Eq. (3.4) also confirms the previous analyses of the power asymmetries in [9] , although the bispectra only contribute indirectly to the power multipoles through the trispectra.
From Gaussian perturbations
When the CMB temperature fluctuations are completely Gaussian, we can substitute the non-connected angular trispectrum eq. (2.6) into the power multipoles eq. (3.4). This will bring about
where "nc" stands for non-connected, and C l is the CMB angular spectrum defined in eq. (2.3). Also,
where P l (x) is the Legendre polynomial. The dipole modulation in the CMB should be manifested in the power dipole, which has the angular spectrum
However, the "power asymmetry" should depend on all the C (2,2,nc) l with odd l's, which provide asymmetric modulations. The specific contributions from different C (2,2,nc) l depend on the shape of the opposite patches chosen in order to measure the power asymmetry. The choice of relatively small patches typically allows larger contributions from high l modulations, and therefore can significantly overestimate the power asymmetry. Choosing larger patches or even hemispheres, on the other hand, can localize the contributions at low l better, although high l contributions are still non-zero.
Even in a purely Gaussian universe, we should still expect a certain amount of power multipoles, which are naturally generated by the quantum fluctuations. This is confirmed in eq. (3.6), which determines the power multipoles from C l solely. Given our current best estimate of the C l curve by the Planck observations [3] , we can predict the power multipoles assuming our universe is Gaussian. The predicted power multipoles are shown in figure 2, in terms of
where we have omitted the "non-connected" superscript. It is also compared with the curve for the best estimate of C l , with the scaling
It can be seen from figure 2 that the power multipole signals should be strong and easily measurable. Its signal-to-noise ratio should be just half of that of C l from an isotropic Gaussian noise. (green solid curve) compared with the best-fit of the CMB multipoles C l (red solid curve), when assuming the C l curve of the universe ensemble is exactly the one we observe. The green shaded region is the standard deviation of cosmic variance, from the 10 5 universe samples of the Monte Carlo simulation. The dashed blue curves are the estimated 1/ √ 2l + 1 generic error bounds from cosmic variance. Agreements can be observed generally between the shapes and strength of the C (2,2) l and C l curves, and between the two error estimation methods. The comparison in the relative errors of the two estimation methods can be found in figure 3.
From cosmic variance
It should be noted that power multipoles also suffer from cosmic variance, which limits observations and leaves large statistical errors, especially for low-l power multipoles. Although a (2) lm are not Gaussian variables, we can still expect the cosmic variance to have the same order of magnitude, i.e. ∼ 1/ √ 2l + 1. Therefore, an inconsistency between theory and observation in the power dipole (l = 1) should only be announced when the relative discrepancy reaches O(1). The high l power multipoles, on the contrary, should be more sensitive indicators of any deviation from the standard paradigm of cosmology.
The CMB angular spectrum C l also suffers from cosmic variance, and its statistical error should also affect our expectation on the power multipoles. However the cosmic variances of C l and C (2,2) l should not be regarded as independent, because in any specific universe the CMB power multipoles we see are fully determined by the CMB multipoles of the same universe.
We can even perform a simple numerical estimation by considering the following scenario. 3 Suppose the CMB spectrum of the universe ensemble is C l , which is impossible to know exactly. We can only know their best estimate by observing our universe, and apply these values to infer the power multipoles, or C (2,2) l . This induces errors between the the actual C (2,2) l of the universe ensemble and our inferred one, which can be estimated with the standard deviation 4
This can be numerically calculated through Monte Carlo simulations, by taking the true C l values as we observe, in a naive but cost-efficient manner. By simulating 10 5 universes, the error bars are obtained in figure 2 , or the relative errors in figure 3 . The errors agree very well with the generic estimate 1/ √ 2l + 1, suggesting the two cosmic variances are correlated and the 1/ √ 2l + 1 works as a good estimation.
From non-Gaussian perturbations
If the CMB power multipoles agree well with figure 2, we then see no difference between our current universe and the simplest Gaussian universe. Only if we find a significant deviation, should we investigate the possible origins of the excessive power multipoles. There are many possible sources of the power multipoles in reality, such as systematic or instrumental errors. Here we assume the observational groups have taken good care of them, so the excess would indicate a deviation from the standard paradigm of cosmology. According to eq. (3.4), the power multipoles are determined by the angular trispectrum of the CMB, so we can find a simple explanation of any excessive power multipoles from non-Gaussian temperature fluctuations.
introduce additional complexity from the eight-point angular correlation functions of the CMB fluctuations. In this article, I simply choose Monte Carlo simulations as the numerical workaround. 4 For simplicity, this paper neglects Bessel corrections in the large-N limit.
In case of any primordial non-Gaussianity, in terms of τ NL or g NL , the angular trispectrum receives contribution in the connected part, while the non-connected part does not change at tree level. The connected angular trispectrum is calculated in section A, which leads to the extra power multipoles by the amount 12) where the 6j symbol is defined in section B.2. In this sense, the modulation measurements can also detect CMB non-Gaussianities through power multipoles. This will not reproduce all the possible degrees of freedom (O(l 5 max ) where l max ∼ 2500 for Planck is the angular resolution) for the angular trispectra, but its O(l max ) linear combinations can already provide additional information than simply the τ NL or g NL directions. Measuring the shape of the C (2,2) l curve allows for further inspections on the trispectra shapes, especially those which are (almost) orthogonal to τ NL and g NL , and are regarded as cancellations sometimes. It can also distinguish other possible deviations from the standard paradigm of cosmology, such as the break in the scale-invariance at very large scales [23] , because the information of
(L) and B l 1 l 2 l 3 l 4 .
Comparison with CMB modulation models
The dipole modulation model was first proposed in [12] to explain the observed power asymmetry, by adding a phenomenological dipole modulation in the form ∆T (n) = (1 + Ap ·n)∆T iso (n), (4.1) where the dipole modulation with the strength A along the directionp, acts upon the isotropic Gaussian temperature fluctuations ∆T iso (n). A generic modulation has also been discussed in [7] , in the form
so the temperature fluctuations are modulated by the generic function M (n), which can contain any multipole. Therefore eq. (4.2) is a complete parameterization of all the possible linear modulations in the CMB. The newly introduced modulation parameters, A or M (n), are regarded as free parameters which break statistical isotropy artificially. Therefore we can measure the violation of statistical isotropy to detect the CMB modulations, through the Bipolar Spherical Harmonics (BipoSH) method [30] .
On the contrary, the power multipoles assume statistical isotropy in the universe ensemble, and tries to identify other possible sources of the CMB modulations, such as a small or mild non-Gaussianity, while maintaining statistical isotropy. It also relies on the more fundamental observables ∆T 2 (n) which, after assuming statistical isotropy, become solely determined by the primordial cosmology without the introduction of any ad-hoc parameter. It should also allow the reuse of some of the techniques for analyzing the CMB multipoles, such as galaxy masks.
Despite that the two methods address different sources of the CMB modulation, it is still possible to perform a floppy comparison between the acurracies of the two measurements, although a strict one under identical conditions would be impossible. Consider the generic form of modulation eq. (4.2). The CMB perturbation power becomes ∆T 2 (n) = (1 + 2M (n))∆T 2 iso (n) up to first order of M (n). By smoothening the CMB power map, we can approximately replace ∆T 2 iso (n) with its expectation ∆T 2 iso (n) . The modulation M (n) then produces the CMB power multipoles
where M lm 1 is the spherical harmonic expansion of M (n) = lm M lm Y lm (n). Because of statistical isotropy, we should have |M lm | 2 = M 2 l for any m, and thus the power multipoles from the modulation M (n) can be estimated as
The cosmic variance prevents accurate measurements on the power multipoles. According to section 3.2, we are only able to measure excessive power multipoles that is greater than the cosmic variance effect, to the amount C (2,2,nc) l / √ 2l + 1. This corresponds to the theoretical accuracy
We can even employ the more accurate results from Monte Carlo simulations, based on which the estimated accuracy for M l is predicted in figure 4 . When noise is absent, the estimated accuracy tends to be higher for higher l, because the background signal and the cosmic variance effect are both weaker. This calls for the high l modulation measurements to detect possible deviations from the standard paradigm of cosmology. For low l, the power multipole method also acquires a higher accuracy than the modulation model measurements using BipoSH, such as the accuracy for M 1 (or A) is ∼ 0.0015, which is much smaller than 0.02 from [7, 31] . Because the non-Gaussianity measurements (e.g. τ NL ) of the Planck observation rely on the detection of the CMB modulations [1] , a more accurate modulation measurement should also be able to further constrain the primordial non-Gaussianities.
It should be kept in mind that this section and figure 4 are only order of magnitude estimations in theory, using the smoothing approximation. Actual measurements which include all the practical factors are still needed in reality to predict its accuracy and even measure the CMB power multipoles. Nevertheless, any isotropic Gaussian noise should not ruin the predictions because the signal-to-noise ratio of the CMB power map should be just half of that of the CMB map.
Conclusion
In this paper, I have proposed the CMB power multipoles as a model-independent measurement of the CMB modulations. Assuming statistical isotropy, theoretical studies have shown that the CMB power multipoles are fully determined by the angular trispectra of the CMB, and thus should yield to figure 2 for our Gaussian universe with the cosmic variance taken into account. The CMB power multipoles then act as null tests of the standard paradigm of cosmology, although performing the actual tests with observational data is beyond the scope of this paper.
The standard paradigm is challenged when excessive power multipoles are observed to be greater than the cosmic variance effect. This would indicate a detection of CMB trispectra, whose shapes can be further determined through the measured power multipole curve, distinguishing between the sources such as τ NL , g NL and the violation of scale invariance at very large scales with a small non-Gaussianity.
On the other hand, if the observed power multipoles are consistent with the theoretical predictions, the CMB modulations, and hence the CMB non-Gaussianities, can be constrained. The power multipoles can place tighter bounds than the Planck observations, according to the brief theoretical estimate in section 4, such as the dipole modulation can typically reach the accuracy ∼ 0.0015. The tighter bounds should also introduce stronger consequential constraints for the primordial CMB trispectra.
The above conclusions are only reached in the ideal circumstance, i.e. watching the full sky without any noise or secondary CMB effect. In reality, they may affect the above predictions, although the sky masks are expected to apply similarly with the CMB multipole analysis, and any isotropic Gaussian noise are not expected to play any important role. Based on the promising accuracy of the modulation measurements and the consequential improved constraints on primordial CMB trispectra, it would be worthwhile to measure the CMB power multipoles from the observational perspective, and investigate it in greater detail in theory.
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A Angular trispectra from primordial non-Gaussianities
The connected primordial trispectrum of the primordial curvature perturbation Φ is written in terms of F c (k 1 , k 2 , k 3 , k 4 ) , to express its connected four-point correlation function as
Two specific trispectrum shapes that receive most attention are parameterized in terms of τ NL and g NL , as [32] 
Primordial non-Gaussianities coming from nonvanishing τ NL or g NL will then contribute to the connected angular trispectrum, according to eq. (2.2), by the amount
Contributions from τ NL and g NL will be discussed separately.
A.1 Angular trispectrum from τ NL
Focusing on the first term in the permutation, we can rewrite the δ function as
The two separate δ funtions can then be treated according to [33] , in terms of j l (x), the spherical Bessel functions, giving
= 64 k where y (1) = y (2) ≡ y 1 and y (3) = y (4) ≡ y 2 .
• |l 1 − l 2 | ≤ l 3 ≤ l 1 + l 2 .
• m i = −l i , −l i + 1, . . . , l i , for i = 1, 2, 3.
• m 1 + m 2 + m 3 = 0.
In this paper, the spherical harmonic expansion enforces a stronger constraint l 1 , l 2 , l 3 ∈ N 0 . 
where L ≡ l 1 + l 2 + l 3 in the above expression.
B.2 6j symbols
The 6j symbols can be defined through 3j symbols as
where i, j = 1, 2, 3. More properties can also be found in [32, 34, 35] .
